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A PROOF OF THE S-GENUS IDENTITIES FOR TERNARY
QUADRATIC FORMS
ALEXANDER BERKOVICH, JONATHAN HANKE, AND WILL JAGY
Abstract. In this paper we prove the main conjectures of Berkovich and Jagy about
weighted averages of representation numbers over an S-genus of ternary lattices (defined
below) for any odd squarefree S ∈ N. We do this by reformulating them in terms of
local quantities using the Siegel-Weil and Conway-Sloane formulas, and then proving the
necessary local identities. We conclude by conjecturing generalized formulas valid over
certain totally real number fields as a direction for future work.
1. Introduction
In [BJ10, §6] Berkovich and Jagy propose that the following identity (and also a twisted
generalization of it) holds for all odd squarefree natural numbers S:
rx2+y2+z2(m) = 48
∑
Q∈S-genus
rQ(m)
|Aut(Q)| for all m ∈ N with m ≡ 1 or 2 (mod 4),
where the S-genus is defined the set of classes of ternary quadratic forms Q locally equiva-
lent to some quadratic form B(x, y)+2Sz2 whereB(x, y) is a positive definite integer-valued
binary quadratic form of discriminant −8S. This formula is interesting because it gives a
precise relationship between an average across certain naturally defined genera of ternary
quadratic forms and (the genus of) x2 + y2 + z2. It is not obvious that such an identity
should exist, and that it does depends on some intricate relationships among local densities
of genera within an S-genus.
In this paper, we prove the formulas [BJ10, eq (6.3), (6.8) and (6.9)] by applying Siegel’s
product and mass formulas to each genus appearing in the S-genus defined above. We
then state a natural generalization of these formulas for totally real number fields F of
class number one where p = 2 is inert.
This paper is an outgrowth of several discussions between Spring 2008 and Fall 2009
about the S-genus identities and their relation to the Siegel-Weil formula at the Quadratic
Forms and Higher Degree Forms Conferences hosted by Prof. Alladi at the University of
Florida (Spring 2008, Spring 2009) and the AMS Southeast Sectional Meeting at Florida
Altantic University in Boca Raton, FL (Fall 2009). This work is also partially supported
by the NSA/NSF Grants and H98230-09-1-0051 and DMS-0603976 of the first and second
authors respectively.
2000 Mathematics Subject Classification. 11E12, 11E20, 11E25 ;11F27, 11F30, 11F37.
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2. Notation
Throughout this paper we take S to be an odd squarefree natural number, written
S = p1 · · · pr as a product of r distinct primes pi ∈ N, and define the S-genus as in the
Introduction. We let p ∈ N be a prime number, and define the p-adic numbers and p-adic
integers by Qp and Zp respectively. We let v denote a place of Q, which is either given as
a prime number p (representing the usual p-adic absolute value |x|p := p−ordp(x)) or as the
archimedean place ∞ (representing the real absolute value |x|). At the place v = ∞ we
adopt the convention that Q∞ := Z∞ = R. For an odd prime p ∈ N, we let
(
a
p
)
denote
the usual Legendre symbol.
We define a quadratic form in n variables over a ring R to be a degree 2 ho-
mogeneous polynomial in (exactly) n variables with coefficients in R. We say that two
quadratic forms Q1 and Q2 are equivalent over a ring R, and write Q1 ∼R Q2, if there in
an invertible change of variables ~x 7→ A~x so that Q1(~x) = Q2(A~x) as polynomials.
We define the classes of a quadratic form Q to be the equivalence classes of Q for the
relation ∼Z, and the genus of Q denoted by Gen(Q) as the equivalence classes under the
simultaneous relations ∼Zv for all places v of Q. We say that a quadratic form Q over R is
positive (resp. negative) definite if Q(~x) > 0 (resp. < 0) for all ~x 6= ~0 in Rn. We say
that quadratic form over R is unimodular in R if its Gram determinant is a unit in R.
We define the local representation densities βQ, v(m) where v is place of Q and Q is
a Zv-valued quadratic form (over Zv) as in [Han04, eq (5.1) and (5.2), p368]. For notational
convenience, we occasionally abbreviate the sum of three squares form as 3 := x2+y2+z2.
3. Local facts about genera in the S-genus
We begin by establishing several facts about the genera G of quadratic forms contained
in a given S-genus.
Lemma 3.1. The genera G in an S-genus are everywhere locally Zp-equivalent to a diag-
onal form at all primes p. More explicitly, for p 6= 2 we have
G ∼Zp
{
x2 + y2 + z2 when p ∤ S,
αx2 + αpy2 + pz2 when p | S, for some α ∈ Z×p /(Z×p )2,
and when p | S the squareclass α is uniquely determined.
Proof. Since binary forms over Z2 are completely classified [Cas78, Lemma 4.1, pp117-118]
and the only primitive non-diagonal forms appearing are xy and x2+xy+y2 both of which
have odd discriminant, it is not possible for a binary form of even discriminant −8S to be
inequivalent to a diagonal form over Z2. At all primes p 6= 2 the local Jordan splitting
theorem [Cas78, Theorem 3.1, pp115-116] guarantees that any (binary) quadratic form can
be diagonalized over Zp, so the condition Q ∈ S-genus above implies that for every prime
p we have
Q ∼Zp αx2 + 2Sαy2 + 2Sz2
for some α ∈ Z×p /(Z×p )2.
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For p ∤ 2S, Q is unimodular and the fact that that unimodular diagonal lattices are
determined by their determinant squareclass gives that
Q ∼Zp αx2 + 2Sαy2 + 2Sz2
∼Zp x2 + y2 + 4S2α2z2
∼Zp x2 + y2 + z2.
For p | S, we can simplify the p-modular component slightly, giving
Q ∼Zp αx2 + 2Sαy2 + 2Sz2
∼Zp αx2 + αpy2 + p(2S/p)2z2
∼Zp αx2 + αpy2 + pz2.
The uniqueness of the squareclass of α follows from the uniqueness of the one-dimensional
unimodular Jordan component (when e(1) = 0 in the last line of [Cas78, Theorem 3.1,
pp115-116]). 
We now explicitly describe the genera appearing in a given S-genus with an r-tuple of
signs εp ∈ ±1.
Definition 3.2. Given a genus G in an S-genus, using Lemma 3.1 we define the numbers
εp := εp(G) :=
(−α
p
)
for all odd primes p | S.
These are well-defined by the uniqueness of α in the last line of Lemma 3.1.
Lemma 3.3. The genera G in a fixed S-genus are in 1-to-1 correspondence with the genera
of positive definite binary quadratic forms of discriminant −8S. In particular, there are
exactly 2r such binary genera and they are uniquely labelled by the tuples (εp)p|S ∈ {±1}r.
Proof. It is clear from the definition of the S-genus that the map B(x, y) 7→ B(x, y)+2Sz2
from binary genera of discriminant −8S surjects onto genera in the S-genus.
To see this map is injective, we first enumerate the local genera of positive definite
primitive binary quadratic forms of discriminant −8S. By [Cas78, §14.3, Lemmas 3.1, 3.2,
3.3 parts (i-ii), (ii) and (iiγ)] we see that there are exactly two such local genera at each
of the places v ∈ {2, p1, . . . , pn} and one local genus at all other places. By [Cas78, §14.5,
p343, Cor] we see that the global genera of this kind are in bijection with the choice of such
a local genus Gv at each place subject to the Hasse invariant constraint
∏
v cv(Gv) = 1.
However if p | 2S then the Hasse invariant for a local diagonal form Q = ux2 + pvy2 with
u, v ∈ (Zp)× and upv = 2S is cp(Q) = (u, pv)p = (u, pv)p(u,−u)p = (u,−2S)p. So cp takes
both ±1 values, because when p = 2 we know −2S 6≡ 1 (mod 4), and when p 6= 2 we know
−2S 6∈ Z×p . Thus the Hasse condition defines an index two subgroup of size 2r, for which
the local genus G2 is uniquely specified by the choices of the genera at all primes pi | S.
Finally, given an S-genus Gen(Q(x, y)+2Sz2) we can recover the values εpi(Q) :=
(
−α
pi
)
of the underlying genus of binary forms Gen(Q) because they both represent the same
values α (mod S), showing the desired injectivity. 
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Remark 3.4. Our numbers εp are just another way of expressing the r classical genus
characters χi(m) :=
(
m
pi
)
=
(
−1
pi
)
εpi where m is an number represented by a form in the
genus that is relatively prime to 2S. (See for example [Coh80, p222-224] or [Bue89, §4.1].)
4. Computing the local representation densities
In this section we compute the local representation densities βx2+y2+z2,p(m) and βG,p(m)
for a genus G contained in an S-genus.
Lemma 4.1. Suppose that p is an odd prime. Then
βx2+y2+z2,p(m) =


(
1− 1
p2
)
(1 + 1p + · · · + 1pk−1 ) + 1pk

1 +
(
−m/p2k
p
)
p

 if ordp(m) = 2k,(
1− 1
p2
)
(1 + 1p + · · · + 1pk ) if ordp(m) = 2k + 1,
for some k ∈ Z ≥ 0.
Proof. From [Han04, eq (5.2), Remark 3.4.1(b), and Table 1] we see for p 6= 2 that
βGood∪Badx2+y2+z2,p(m) = β
Good
x2+y2+z2,p(m) =


p2+p
(
−m
p
)
p2
if p ∤ m,
p2−1
p2
if p | m.
The lemma follows from this and the formula
(1)
βQ(m) = β
Good∪Bad
Q (m) + β
Zero
Q (m)
= βGood∪BadQ (m) +
1
pβQ(m/p
2)
from [Han04, Remark 3.4.1(d) about πZ , p362] for ternary forms. This result is also
mentioned in [Sie63, §28.4 with m = 3, p228]. 
Lemma 4.2. Suppose that G is a genus in an S-genus and that p | S is an odd prime.
Then
βG,p(m) =


(
1− 1p
)
(1 + εp)(1 +
1
p + · · ·+ 1pk−1 ) + 1pk
(
1 + εp
(
−m/p2k
p
))
if ordp(m) = 2k,(
1− 1p
)
(1 + εp)(1 +
1
p + · · ·+ 1pk−1 ) + 1pk
(
1− εpp
)
if ordp(m) = 2k + 1,
for some k ∈ Z ≥ 0.
Proof. For odd primes p | S we can compute the representation densities βQ,p(m) explicitly
via the formulas [Han04, §3], giving
βαx2+αpy2+pz2,p(m) = β
Good
αx2+αpy2+pz2,p(m) + β
BadI
αx2+αpy2+pz2,p(m)
because the highest power of p dividing a coefficient is 1. From [Han04, Table 1, p363] we
compute
βGoodαx2+αpy2+pz2,p(m) = β
Good
αx2,p(m) =
{
1 + εp
(
−m
p
)
if p ∤ m,
0 if p | m,
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and also [Han04, p360, middle, Bad-type I reduction map] gives
βBadIαx2+αpy2+pz2,p(m) =
{
0 if p ∤ m,
βGoodαpx2+αy2+z2,p(m/p) if p | m,
where
βGoodαpx2+αy2+z2,p(m/p) = β
Good
αy2+z2,p(m/p) =
{
1− εpp if p ∤ m,(
1− 1p
)
(1 + εp) if p | m.
These combine to give
βGood∪Badαx2+αpy2+pz2,p(m) =


1 + εp
(
−m
p
)
if p ∤ m,
1− εpp if ordp(m) = 1,(
1− 1p
)
(1 + εp) if ordp(m) ≥ 2.
and the lemma follows by combining these with equation (1). 
Lemma 4.3. When p = 2, we have the following local representation densities:
(2) βx2+y2+z2,2(m) =


3
2 if m ≡ 1, 2 (mod 4),
1 if m ≡ 3 (mod 8),
0 if m ≡ 7 (mod 8),
and
(3) βG,2(m) = βux2+2uy2+2z2,2(m) =
{
1 if m ≡ 1, 2 (mod 4),
0 or 2 if m ≡ 3 (mod 4) (depending on u).
Proof. At p = 2 we compute the two relevant local densities for m with ord2(m) ≤ 1 by
counting all representation numbers modulo 16. (This is sufficient by [Han04, Lemma 3.2
and the Bad-type I reduction map on p360 middle]). 
Lemma 4.4. The local representation density at v =∞ has the form
βQ,∞(m) = Cn det(Q)
− 1
2m
n−2
2
where Cn is some constant depending only on n := dim(Q).
Proof. This is proved in [Sie63, (6.40) with m = 3 and n = 1, p42] and stated more recently
in [Han04, eq (5.5), p369]. 
5. Computing masses of genera in an S-genus
In this section we prove the mass conjecture for S-genera formulated in [BJ10, eq (6.3)]
by using an explicit general mass formula of Conway and Sloane [CS88].
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Lemma 5.1. Suppose that G is a genus in an S-genus. Then
Mass(G) :=
∑
Q∈G
1
|Aut(Q)| =
1
16
·
∏
p|S
p+ εp
2
.
Proof. From the the mass formula [CS88, eq (2)] of Conway and Sloane, the mass of a
(ternary) genus G in the given S-genus is
Mass(G) = 2π
−n(n+1)
4
n∏
j=1
Γ(j/2)
∏
p
(2mp(G))
= 2π−3 · √π · 1 ·
√
π
2
∏
p
(2mp(G))
=
1
π2
∏
p
(2mp(G))
where the local masses mp(G) are defined in [CS88, eq (3)] by
mp(G) :=
∏
q
Mq(G) ·
∏
q<q′
(
q′/q
)n(q)·n(q′)
2 · 2n(I,I) - n(II).
From ([CS88, Table 1]) we see that there is a unique “species” when the unimodular
blocks are odd, so for p ∤ 2S we have 2mp = 2M1 = (1 − 1p2 )−1. For p 6= 2 with p | 2S we
have
2mp = 2 ·M1 ·Mp · p
1·2
2 = 2 · 1
2
· 1
2

1−
(
−α
p
)
p


−1
· p = p
2
(
1−
(
−α
p
)
p
)
Finally when p = 2 we have four standard mass factors M1/2,M1,M2, and M4 of types
II0, I1, I2, and II0 respectively. Since all of these forms have an odd form adjacent to it,
they are “bound” (in the notation of [CS88]) and so they have “species” 1 and contribute
a factor of 12 each. Therefore we have
2m2(G) = 2
∏
q
Mq(G) ·
∏
q<q′
(
q′/q
)n(q)·n(q′)
2 · 2n(I,I)−n(II)
= 2

 ∏
q∈{ 1
2
,1,2,4}
1
2

 · (2/1) 1·22 · 21−0 = 1
2
.
Putting these all together gives
Mass(G) =
1
π2
∏
p
(2mp(G))
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=
1
π2
(2m2(G)) ·
∏
26=p|2S
(2mp(G)) ·
∏
p∤2S
(2mp(G))
=
1
π2
(2m2(G)) ·
∏
26=p|2S
p
2
(
1− εpp
) ·∏
p∤2S
1
1− 1p2
=
1
π2
(2m2(G)) ·
∏
26=p|2S
p
2
✟✟
✟✟
✟(
1− εpp
)✟✟✟
✟✟
(
1− εpp
)(
1 +
εp
p
)
1− 1p2
·
∏
p∤2S
1
1− 1p2
=
1
π2
(2m2(G)) ·
∏
26=p|2S
p+ εp
2
·
∏
p 6=2
1
1− 1
p2
=
1
π2
(2m2(G)) ·
∏
26=p|2S
p+ εp
2
· π
2
6
· 3
4
=
1
8
(2m2(G)) ·
∏
26=p|2S
p+ εp
2
=
1
16
·
∏
26=p|2S
p+ εp
2
.

6. The main theorem
In this section we prove the following theorem and corollary (by taking W = 1), which
were formulated and conjectured in [BJ10, eq (6.9) and eq (6.8)]:
Theorem 6.1. Suppose that S ∈ N is an odd squarefree number and W ∈ N divides S.
Then
(4)
∑
Q∈S-genus
ǫW (Q)
rQ(m)
|Aut(Q)| =W
rx2+y2+z2(m/W
2)
48
for all m ∈ N with W | m and m ≡ 1, 2 (mod 4), where ǫW (Q) is defined by the formula
ǫW (Q) :=
∏
p|W
εp(Gen(Q)).
(Here if W 2 ∤ m then both sides of (4) are zero.)
Corollary 6.2. Suppose that S ∈ N is an odd squarefree number. Then∑
Q∈S-genus
rQ(m)
|Aut(Q)| =
rx2+y2+z2(m)
48
for all m ∈ N with m ≡ 1, 2 (mod 4).
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Proof. In what follows we occasionally write 3 := x2 + y2 + z2 for brevity. We begin
by expressing the LHS locally, and trying to relate it locally to the RHS. Since the class
number of x2 + y2 + z2 is one, we can recover the RHS globally from its local expressions.
By the Siegel-Weil formula for definite ternary quadratic forms [Ral87, §5] we have that
∑
Q∈S-genus
ǫW (Q)
rQ(m)
|Aut(Q)| =
∑
(genera)
G∈S-genus
ǫW (G)
∑
Q′∈G
rQ′(m)
|Aut(Q′)|(5)
=
∑
G∈S-genus

∏
p|W
εp

Mass(G)∏
v
βG,v(m)(6)
=
∑
G∈S-genus

Mass(G)∏
p|W
εp
∏
v|2S∞
βG,v(m)
∏
p∤2S
βG,p(m)

 .(7)
Since at all primes p ∤ 2S we have G ∼Zp x2 + y2 + z2, we can separate out a product
which looks very much like the product of local densities for x2 + y2 + z2, giving
=
∑
G∈S-genus
Mass(G)

∏
p|W
εp



 ∏
v|2S∞
βG,v(m)

∏
p∤2S
β3,p(m)
=

∏
p∤2S
β3,p(m)

 ∑
G∈S-genus
Mass(G)

∏
p|W
εp

 ∏
v|2S∞
βG,p(m)
=

det(Q)−1/2β3,∞(m)∏
p∤2S
β3,p(m)

 ∑
G∈S-genus
Mass(G)

∏
p|W
εp

∏
p|2S
βG,p(m)
=

 1
2S
β3,∞(m)
∏
p∤2S
β3,p(m)

 ∑
G∈S-genus
Mass(G)

∏
p|W
εp

∏
p|2S
βG,p(m)
=

W
2S
β3,∞(m/W
2)
∏
p∤2S
β3,p(m/W
2)

 ∑
G∈S-genus
Mass(G)

∏
p|W
εp

∏
p|2S
βG,p(m)
=W
(∏
v
β3,v(m/W
2)
) 1
2S
∏
p|2S
1
β3,p(m/W
2)

 ∑
G∈S-genus
Mass(G)

∏
p|W
εp

∏
p|2S
βG,p(m)
=
(
W
48
∏
v
β3,v(m/W
2)
)48 ∑
G∈S-genus
Mass(G)
2S

∏
p|W
εp βG,p(m)
β3,p(m/p
2)

∏
p|2S
p∤W
βG,p(m)
β3,p(m)

 .
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(Here we note that technically the division by β3,p(m/p
2) in the next to last equality
may be undefined if β3,p(m/p
2) = 0, however in this case Lemma 6.3 ensures that both
sides of (4) are zero.)
Because Mass(x2 + y2 + z2) = 148 and x
2 + y2 + z2 has class number one, from Siegel’s
product formulas we see that the desired equality
(8)∑
Q∈S-genus
ǫW (G)
rQ(m)
|Aut(Q)| =W ·Mass(x
2 + y2 + z2)
∏
v
βx2+y2+z2,v(m) =W
rx2+y2+z2(m)
48
is equivalent to showing that the expression
(9) E := 48
∑
G∈S-genus
Mass(G)
2S

∏
p|W
εp βG,p(m)
βx2+y2+z2,p(m/p
2)

∏
p|2S
p∤W
βG,p(m)
βx2+y2+z2,p(m)
is equal to one. By substituting our mass formula in Lemma 5.1 and using the fact that
2S is square-free, we can rewrite E more locally as
(10)
E = 3
∑
G∈S-genus
βG,2(m)
2 · βx2+y2+z2,2(m)

∏
p|W
εp βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m/p2)



∏
p|S
p∤W
βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m)

 .
From Lemma 4.3, we can evaluate the local densities at p = 2, giving
(11) E = ✁3
∑
G∈S-genus
1
✁2 · ✁3
✁2

∏
p|W
εp βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m/p2)



∏
p|S
p∤W
βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m)

 .
Because the genera G are indexed by the r-tuple of values (εp)p|S ∈ {±1}r and the since
the factors in the product are all independent, we have that
E =
∑
G∈S-genus

∏
p|W
εp βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m/p2)



∏
p|S
p∤W
βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m)

(12)
=
∑
(εp)p|S∈{±1}r

∏
p|W
εp βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m/p2)



∏
p|S
p∤W
βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m)

(13)
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=

∏
p|W
∑
εp∈{±1}
εp βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m/p2)



∏
p|S
p∤W
∑
εp∈{±1}
βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m)

 .(14)
By Lemma 6.3 we see that all summands for odd primes are identically one, giving
(formally that) E =
∏
p|S 1 = 1, which completes the proof.

We now evaluate the individual summands appearing in the last step of the proof of
Theorem 6.1 for (odd) primes p | S using our previously computed local density formulas.
Lemma 6.3. Suppose G is a genus in an S-genus, and p | S is an (odd) prime. Then
∑
εp∈{±1}
βG,p(m) (p+ εp)
2p
= βx2+y2+z2,p(m),
and ∑
εp∈{±1}
εp βG,p(m) (p+ εp)
2p
= βx2+y2+z2,p(m/p
2).
Proof. In the following proof we verify several algebraic identities of polynomials in p,
which justifies our neglecting the issue of division by zero.
Case 1: ordp(m) = 2k is even:∑
εp∈{±1}
βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m)
=
∑
εp∈{±1}
[(
1− 1p
)
(1 + εp)(1 +
1
p + · · ·+ 1pk−1 ) + 1pk
(
1 + εp
(
−m
p
))](
1 +
εp
p
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
(
1 +
(
−m
p
)
p
)]
When εp = −1 the first term of the numerator vanishes, giving
=
2
(
1− 1p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
∑
εp∈{±1}
(
1 +
εp
p
)(
1 + εp
(
−m
p
))
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
(
1 +
(
−m
p
)
p
)]
=
2
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
∑
εp∈{±1}
(
1 +
εp
p + εp
(
−m
p
)
+
(
−m
p
)
p
)
2 ·
[(
1− 1p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
(
1 +
(
−m
p
)
p
)]
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=
2
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
(
2 + 0 + 0 + 2
(
−m
p
)
p
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · · + 1pk−1 ) + 1pk
(
1 +
(
−m
p
)
p
)] = 1.
Case 2: ordp(m) = 2k + 1 is odd:∑
εp∈{±1}
βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m)
=
∑
εp∈{±1}
[(
1− 1p
)
(1 + εp)(1 +
1
p + · · ·+ 1pk−1 ) + 1pk
(
1− εpp
)](
1 +
εp
p
)
2 ·
[(
1− 1
p2
)
(1 + p+ · · ·+ pk)
]
When εp = −1 the first term of the numerator vanishes, giving
=
2
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
∑
εp∈{±1}
(
1− εpp
)(
1 +
εp
p
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk )
]
=
2
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
∑
εp∈{±1}
(
1− 1
p2
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk )
]
=
2
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 2pk
(
1− 1
p2
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk )
] = 1.
Case 3: ordp(m) = 2k is even with k ≥ 1:∑
εp∈{±1}
εp βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m/p2)
=
∑
εp∈{±1}
εp
[(
1− 1p
)
(1 + εp)(1 +
1
p + · · ·+ 1pk−1 ) + 1pk
(
1 + εp
(
−m
p
))](
1 +
εp
p
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−2 ) + 1pk−1
(
1 +
(
−m
p
)
p
)]
When εp = −1 the first term of the numerator vanishes, giving
=
2
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
∑
εp∈{±1}
εp
(
1 +
εp
p
)(
1 + εp
(
−m
p
))
2 ·
[(
1− 1p2
)
(1 + 1p + · · ·+ 1pk−2 ) + 1pk−1
(
1 +
(
−m
p
)
p
)]
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=
2
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
∑
εp∈{±1}
(
εp +
1
p +
(
−m
p
)
+ εp
(
−m
p
)
p
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−2 ) + 1pk−1
(
1 +
(
−m
p
)
p
)]
=
✁2
(
1− 1p2
)
(1 + 1p + · · ·+ 1pk−1 ) + 1pk
(
0 + ✁2p + ✁2
(
−m
p
)
+ 0
)
✁2 ·
[(
1− 1
p2
)
(1 + 1p + · · · + 1pk−2 ) + 1pk−1
(
1 +
(
−m
p
)
p
)]
=
(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−2 ) + 1pk−1
(
1−
✓
✓1
p2
)
+ 1
pk
(
✄
✄1
p +
(
−m
p
))
[(
1− 1
p2
)
(1 + 1p + · · · + 1pk−2 ) + 1pk−1
(
1 +
(
−m
p
)
p
)] = 1.
Case 4: ordp(m) = 2k + 1 is odd with k ≥ 1:
∑
εp∈{±1}
εp βG,p(m) (p+ εp)
2p · βx2+y2+z2,p(m/p2)
=
∑
εp∈{±1}
εp
[(
1− 1p
)
(1 + εp)(1 +
1
p + · · ·+ 1pk−1 ) + 1pk
(
1− εpp
)](
1 +
εp
p
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 )
]
When εp = −1 the first term of the numerator vanishes, giving
=
2
(
1− 1
p2
)
(1 + 1p + · · · + 1pk−1 ) + 1pk
∑
εp∈{±1}
εp
(
1− εpp
)(
1 +
εp
p
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · · + 1pk−1 )
]
=
2
(
1− 1
p2
)
(1 + 1p + · · · + 1pk−1 ) + 1pk✭✭✭✭✭✭
✭✭✭✭
✭∑
εp∈{±1}
εp
(
1− 1
p2
)
2 ·
[(
1− 1
p2
)
(1 + 1p + · · ·+ 1pk−1 )
] = 1.

7. Closing Remarks
Since the proof of Theorem 6.1 almost exclusively involves local computations, it is
reasonable to ask how it can be generalized. We propose the following easily stated
Conjecture 7.1. Suppose that F is a totally real number field of class number one in
which 2 is inert, AF is the ring of integers of F , 2S(A
×
F )
2 is the squarefree determinant
squareclass of a totally positive definite AF -valued binary quadratic form, and W ∈ AF
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divides S. Then ∑
Q∈S-genus
ǫW (Q)
rQ(m)
|Aut(Q)| = κF W
[F :Q] rx2+y2+z2(m/W
2)
|Aut(x2 + y2 + z2)|
for all totally positive m ∈ AF with W | m and m ∈ (A×F )2 ∪ 2(A×F )2 (mod 4AF ), where
ǫW (Q) is defined using quadratic norm residue symbols by the formula
ǫW (Q) :=
∏
p|W
εp(Gen(Q)),
and κF ∈ Q > 0 is a constant depending only on F .
Sketch of proof. We proceed exactly as in the proof of Theorem 6.1, with the following
modifications:
(1) The description of the binary genera of discriminant−8S since as before we fixed the
archimedean type of all forms in the S-genus, and there is still only one remaining
place at p = 2, whose local type is determined by the product formula.
(2) Non-archimedean local density and local mass factors formulas at unramified places
p | p of F are the same if we replace factors of p by q := |AF /pAF |.
(3) Calculations with the mass formula will only differ in the Gamma function factors
appearing, which contribute to the constant κF .
(4) Lemma 6.3 remains unchanged if we replace odd primes p by places p ∤ 2.
(5) Siegel’s product formula and an explicit mass formula still holds over totally real
number fields.
To determine the exact constant κF we need use an explicit mass formula valid for totally
definite ternary quadratic forms of level 4SAF over totally real number fields F . 
Remark 7.2. While almost surely a version of the S-genus identities hold over an arbitrary
totally real number field, the formulation becomes a little more involved. In addition to there
being a lot of additional work to control the contributions from the local factors at p | 2,
the presence of non-trivial class number makes the language of quadratic lattices (which
may not be free as AF -modules) the more natural framework in which to state the relevant
identities.
References
[BJ10] A. Berkovich and W. C. Jagy. Ternary quadratic forms, modular equations and certain positivity
conjectures. In K. Alladi, J. Klauder, and C. R. Rao, editors, The legacy of Alladi Ramakrishnan
in the mathematical sciences, pages 211–241. Springer, 2010.
[Bue89] Duncan A. Buell. Binary quadratic forms. Springer-Verlag, New York, 1989. Classical theory and
modern computations.
[Cas78] J. W. S. Cassels. Rational quadratic forms, volume 13 of London Mathematical Society Monographs.
Academic Press Inc. [Harcourt Brace Jovanovich Publishers], London, 1978.
[Coh80] Harvey Cohn. Advanced number theory. Dover Publications Inc., New York, 1980. Reprint of ıt A
second course in number theory, 1962, Dover Books on Advanced Mathematics.
[CS88] J. H. Conway and N. J. A. Sloane. Low-dimensional lattices. IV. The mass formula. Proc. Roy.
Soc. London Ser. A, 419(1857):259–286, 1988.
14 ALEXANDER BERKOVICH, JONATHAN HANKE, AND WILL JAGY
[Han04] Jonathan Hanke. Local densities and explicit bounds for representability by a quadratric form.
Duke Math. J., 124(2):351–388, 2004.
[Ral87] Stephen Rallis. L-functions and the oscillator representation, volume 1245 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 1987.
[Sie63] Carl Ludwig Siegel. Lectures on the analytical theory of quadratic forms. Notes by Morgan Ward.
Third revised edition. Buchhandlung Robert Peppmu¨ller, Go¨ttingen, 1963.
Department of Mathematics, 358 Little Hall, PO Box 110105, University of Florida,
Gainesville, FL 32611-8105
E-mail address: alexb@ufl.edu
Department of Mathematics, University of Georgia, Athens, GA 30602
E-mail address: jonhanke@math.uga.edu
Math. Sci. Res. Inst., 17 Gauss Way, Berkeley, CA 94720-5070
E-mail address: jagy@msri.org
